Discrete Wave-front sets of Fourier Lebesgue and modulation space types by Johansson, Karoline et al.
ar
X
iv
:0
90
9.
12
37
v1
  [
ma
th.
FA
]  
7 S
ep
 20
09
DISCRETE WAVE-FRONT SETS OF FOURIER
LEBESGUE AND MODULATION SPACE TYPES
KAROLINE JOHANSSON, STEVAN PILIPOVI, NENAD TEOFANOV,
AND JOACHIM TOFT
Abstrat. We introdue disrete wave-front sets with respet
to Fourier Lebesgue and modulation spaes. We prove that these
wave-front sets agree with orresponding wave-front sets of on-
tinuous type.
0. Introdution
In [12℄, (ontinuous) wave-front sets of Fourier Lebesgue and modula-
tion spae types were introdued, and the usual mapping properties for
pseudo-dierential operators were established. Here it was also proved
that wave-front sets of Fourier Lebesgue and modulation spae types
agree with eah others, and that the usual wave-front sets with respet
to smoothness (f. [11, Setions 8.18.3℄) is a speial ase of wave-
front sets of Fourier Lebesgue types. Notie that the analysis of [12℄
inludes pseudo-dierential operators with non-smooth symbols. Miro-
loal analysis of onvolution, multipliation and semi-linear equations
in Fourier Lebesgue spaes (and therefore modulation spaes as well)
an be found in [13℄.
In this paper we introdue disrete versions of wave-front sets of
Fourier Lebesgue and modulation spae types, and prove that they o-
inide with orresponding ontinuous versions. Furthermore, the estab-
lished results are formulated in suh way that they should be possible
to implement in numerial omputations. An expeted benet of suh
approah is that the formulas might serve as an appropriate tool when
making numerial analysis of miro-loal investigations. For example,
we use Gabor frames for the desription of disrete wave-front sets. We
refer to [5, 6℄ for numerial treatment of Gabor frame theory.
Assume that p, q ∈ [1,∞], ω is an appropriate weight funtion on
the phase spae R
2d
and that f is a distribution dened on the open
subset X ofRd. Roughly speaking, the wave-front setWFFLq
(ω)
(f) with
respet to the Fourier Lebesgue spae FLq(ω)(R
d) of f , give information
about all points x ∈ X and diretions ξ ∈ Rd\0 where f loally fails to
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be in FLq(ω). That is (x, ξ) ∈ WFFLq(ω)(f), if and only if f is loally not
in FLq(ω) at x and in the diretion ξ. In the same way, the wave-front
set of f with respet to the modulation spae Mp,q(ω)(R
d), WFMp,q
(ω)
(f)
onsists of all pairs (x, ξ), where f loally at x fails to belong to Mp,q(ω)
in the diretion ξ.
As a onsequene of [12, Proposition 5.5℄ we have
WFFLq
(ω)
(f) = WFMp,q
(ω)
(f), (0.1)
for eah p, q ∈ [1,∞], distribution f and appropriate weight funtion
ω.
In the present paper we introdue disrete versions ofWFFLq
(ω)
(f) =
WFMp,q
(ω)
(f), denoted by DFFLq
(ω)
(f) and DFMp,q
(ω)
(f) respetively, and
prove that indeed (0.1) an be extended into
WFFLq
(ω)
(f) =WFMp,q
(ω)
(f) = DFFLq
(ω)
(f) = DFMp,q
(ω)
(f). (0.1)′
1. Preliminaries
In this setion we reall some notations and basi results. The proofs
are in general omitted. We start by introduing some notations. In
what follows we let Γ denote an open one in Rd \ 0. If ξ ∈ Rd \ 0 is
xed, then an open one whih ontains ξ is sometimes denoted by Γξ.
Assume that ω and v are positive and measurable funtions on Rd.
Then ω is alled v-moderate if
ω(x+ y) ≤ Cω(x)v(y) (1.1)
for some onstant C whih is independent of x, y ∈ Rd. If v in (1.1) an
be hosen as a polynomial, then ω is alled polynomially moderated.
We let P(Rd) be the set of all polynomially moderated funtions on
R
d
. If ω(x, ξ) ∈ P(R2d) is onstant with respet to the x-variable
(ξ-variable), then we sometimes write ω(ξ) (ω(x)) instead of ω(x, ξ).
In this ase we onsider ω as an element in P(R2d) or in P(Rd)
depending on the situation.
The Fourier transform F is the linear and ontinuous mapping on
S ′(Rd) whih takes the form
(Ff)(ξ) = f̂(ξ) ≡ (2pi)−d/2
∫
Rd
f(x)e−i〈x,ξ〉 dx
when f ∈ L1(Rd). We reall that F is a homeomorphism on S ′(Rd)
whih restrits to a homeomorphism on S (Rd) and to a unitary oper-
ator on L2(Rd).
Assume that q ∈ [1,∞] and ω ∈ P(R2d). Then the (weighted)
Fourier Lebesgue spae FLq(ω)(R
d) is the Banah spae whih onsists
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of all f ∈ S ′(Rd) suh that
‖f‖FLq
(ω)
= ‖f‖FLq
(ω),x
≡ ‖f̂ · ω(x, ·)‖Lq . (1.2)
is nite. If ω = 1, then the notation FLq is used instead of FLq(ω).
Remark 1.1. Here as in [12℄ we remark that it might seem to be strange
that we permit weights ω(x, ξ) in (1.2) that are dependent on both x
and ξ, though f̂(ξ) only depends on ξ. The reason is that later on it will
be onvenient to permit suh x dependeny. We note however that the
fat that ω is v-moderate for some v ∈ P(R2d) implies that dierent
hoies of x give rise to equivalent norms. Therefore, the ondition
‖f‖FLq
(ω),x
<∞ is independent of x.
The modulation spaeMp,q(ω)(R
d) onsists of all f ∈ S ′(Rd) suh that
‖f‖Mp,q
(ω)
≡
(∫
Rd
(∫
Rd
|Vϕf(x, ξ)ω(x, ξ)|
p dx
)q/p
dξ
)1/q
(1.3)
is nite. Here Vϕf is the short-time Fourier transform of f with respet
to ϕ ∈ S (Rd) \ 0, whih is equal to F (f ϕ( · − x))(ξ). We note that
Vϕf takes the form
Vϕf(x, ξ) = (2pi)
−d/2
∫
Rd
f(y)ϕ(y − x)e−i〈y,ξ〉 dy
when f ∈ L1(Rd).
If Γ ⊆ Rd \ 0 is an open one, then we let |f |
FLq,Γ
(ω)
and |f |Mp,q,Γ
(ω)
be
the seminorms
|f |
FLq,Γ
(ω)
≡
(∫
Γ
|f̂(ξ)ω(x, ξ)|q dξ
)1/q
(1.4)
and
|f |Mp,q,Γ
(ω)
≡
(∫
Γ
(∫
Rd
|Vϕf(x, ξ)ω(x, ξ)|
p dx
)q/p
dξ
)1/q
. (1.5)
respetively. Here we note that these semi-norms might attain the value
+∞.
Assume now that X ⊆ Rd is open. The wave-front set WFFLq
(ω)
(f)
of f ∈ D ′(X) onsists of all pairs (x0, ξ0) ∈ X × (R
d \ 0) suh that for
eah χ ∈ C∞0 (X) with χ(x0) 6= 0 and eah onial neighbourhood Γ of
ξ0 it holds
|χ f |
FLq,Γ
(ω)
= +∞.
In the same way, the wave-front set WFMp,q
(ω)
(f) of f ∈ D ′(X) onsists
of all pairs (x0, ξ0) ∈ X × (R
d \ 0) suh that for eah χ ∈ C∞0 (X) with
χ(x0) 6= 0 and eah onial neighbourhood Γ of ξ0 it holds
|χ f |Mp,q,Γ
(ω)
= +∞.
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2. Disrete semi-norms in Fourier-Lebesgue spaes
In this setion we introdue disrete analogues of the non-disrete
seminorms (1.4) and (1.5). We also show that these semi-norms are
nite, if and only if orresponding non-disrete semi-norms are nite.
Assume that q ∈ [1,∞], ω ∈ P(R2d) and that H ⊆ Rd is a disrete
set. Then we set
|f |
(D)
FLq
(ω)
(H)
= |f |
(D)
FLq
x,(ω)
(H)
≡
( ∑
{ξk}∈H
|f̂(ξk)ω(x, ξk)|
q
)1/q
(with obvious modiations when q = ∞). As in the ontinuous ase,
we note that the ondition
|f |
(D)
FLq
x,(ω)
(H)
<∞
is independent of x ∈ Rd. From now on we assume that ω is indepen-
dent of x.
Lemma 2.1. Assume that Γ and Γ0 are open ones in R
d
suh that
Γ0 ⊆ Γ, and that Λ ⊆ R
d
is a lattie. Also assume that f ∈ E ′(Rd)
and ω ∈ P(Rd). If |f |
FLq,Γ
(ω)
is nite, then |f |
(D)
FLq
(ω)
(Γ0∩Λ)
is nite.
Proof. We only prove the result for q <∞, leaving the small modia-
tions in the ase q =∞ for the reader. Assume that |f |
FLq,Γ
(ω)
<∞, and
let H = Γ ∩ Λ and ϕ ∈ C∞0 (R
d) be suh that ϕ = 1 in supp f . Then
(|f |
(D)
FLq
(ω)
(Γ0∩Λ)
)q =
∑
{ξk}∈H
|F (ϕf)(ξk)ω(ξk)|
q
= (2pi)−qd/2
∑
{ξk}∈H
∣∣∣ ∫ ϕ̂(ξk − η)f̂(η)ω(ξk) dη∣∣∣q ≤ (2pi)−qd/2(S1 + S2),
where
S1 =
∑
{ξk}∈H
∣∣∣ ∫
Γ
ϕ̂(ξk − η)f̂(η)ω(ξk) dη
∣∣∣q,
S2 =
∑
{ξk}∈H
∣∣∣ ∫
∁Γ
ϕ̂(ξk − η)f̂(η)ω(ξk) dη
∣∣∣q.
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We need to estimate S1 and S2. Let v ∈ P(R
d) be hosen suh that
ω is v-moderate. By Minkowski's inequality we get
S1 ≤
∑
{ξk}∈H
(∫
Γ
|ϕ̂(ξk − η)v(ξk − η)||f̂(η)ω(η)| dη
)q
=
∑
{ξk}∈H
(∫
Γ
|ϕ̂(ξk−η)v(ξk−η)|
1/q′(|ϕ̂(ξk−η)v(ξk−η)|
1/q|f̂(η)ω(η)|) dη
)q
≤ ‖ϕ̂ω‖
q/q′
L1
∑
{ξk}∈H
∫
Γ
|ϕ̂(ξk − η)v(ξk − η)||f̂(η)ω(η)|
q dη
≤ C
∫
Γ
|f̂(η)ω(η)|q dη = C|f |
FLq,Γ
(ω)
,
where
C = ‖ϕ̂ω‖
q/q′
L1 sup
η∈Rd
∑
{ξk}∈H
|ϕ̂(ξk − η)v(ξk − η)| <∞.
This proves that S1 is nite.
It remains to prove that S2 is nite. We observe that |ξk − η| ≥
cmax(|ξk|, |η|) when ξk ∈ H and η ∈ ∁Γ, and sine f has ompat
support it follows that |f̂(ξ)| ≤ C〈ξ〉N0 for some positive onstants C
and N0. Furthermore, sine ϕ ∈ C
∞
0 , it follows that for eah N ≥ 0,
there is a onstant CN suh that |ϕ̂(ξ)| ≤ CN〈ξ〉
−N
. This gives
S2 ≤ C1
∑
{ξk}∈H
( ∫
∁Γ
〈ξk − η〉
−N〈η〉N0 dη
)q
≤ C2
∑
{ξk}∈H
(∫
〈ξk〉
−N/2〈η〉N0−N/2 dη
)q
,
for some onstants C1 and C2. The result now follows, sine the right-
hand side is nite when N is hosen larger than 2(N0 + d). The proof
is omplete. 
In the next result we prove a onverse to Lemma 2.1, in the ase that
the lattie Λ is dense enough. Let e1, . . . , ed in R
d
be a basis for Λ, i. e.
for some x0 ∈ Λ we have
Λ = { x0 + t1e1 + · · ·+ tded ; t1, . . . , td ∈ Z }.
Then the parallelepiped, spanned by e1, . . . , ed and with orners in Λ is
alled a Λ-parallelepiped. We letA(Λ) be the set of allΛ-parallelepipeds.
For future referenes we note that if D1, D2 ∈ A(Λ), then their volumes
|D1| and |D2| agree, and for onvenieny we let ‖Λ‖ denote the ommon
value, i. e.
‖Λ‖ = |D1| = |D2|.
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Assume that Λ1 and Λ2 are latties in R
d
with bases e1, . . . , ed and
ε1, . . . , εd respetively. Then the pair (Λ1,Λ2) is alled an admissible
lattie pair, if for some 0 < c ≤ 2pi we have 〈ej, εj〉 = c and 〈ej , εk〉 = 0
when j 6= k. If in addition c < 2pi, then (Λ1,Λ2) is alled a strongly
admissible lattie pair. If instead c = 2pi, then the pair (Λ1,Λ2) is alled
a weakly admissible lattie pair
Lemma 2.2. Assume that q ∈ [1,∞], (Λ1,Λ2) is a strongly admissible
lattie pair, K ∈ A(Λ1), and that f ∈ E
′(Rd) is suh that an open
neighbourhood of its support is ontained in K. Also assume that Γ
and Γ0 are open ones in R
d
suh that Γ0 ⊆ Γ. If |f |
(D)
FLq
(ω)
(Γ∩Λ2)
is
nite, then |f |
FL
q,Γ0
(ω)
is nite.
Proof. We shall use similar arguments as in the proof of Lemma 2.1.
Again we prove the result only for q <∞. The small modiations to
the ase q =∞ is left for the reader. Assume that |f |
(D)
FLq
(ω)
(Γ∩Λ2)
<∞,
and let ϕ ∈ C∞0 (K) be equal to one in the support of f . By expanding
f = ϕf into a Fourier series on K we get
f̂(ξ) = C
∑
ξk∈Λ2
ϕ̂(ξ − ξk)f̂(ξk),
where the positive onstant C only depends on Λ2. If H1 = Λ2 ∩Γ and
H2 = Λ2 ∩ ∁Γ, then
∫
Γ0
|f̂(ξ)ω(ξ)|q dξ = Cq
∫
Γ0
∣∣∣ ∑
ξk∈Λ2
ϕ̂(ξ − ξk)f̂(ξk)ω(ξ)
∣∣∣q dξ
≤ Cq(S1 + S2),
where
S1 =
∫
Γ0
∣∣∣ ∑
{ξk}∈H1
ϕ̂(ξ − ξk)f̂(ξk)ω(ξk)ω(ξ)
∣∣∣q dξ,
S2 =
∫
Γ0
∣∣∣ ∑
{ξk}∈H2
ϕ̂(ξ − ξk)f̂(ξk)ω(ξk)ω(ξ)
∣∣∣q dξ.
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We need to estimate S1 and S2. Let v ∈ P(R
d) be hosen suh that
ω is v-moderate. By Minkowski's inequality we get
S1 =
∫
Γ0
( ∑
{ξk}∈H1
|ϕ̂(ξ − ξk)v(ξ − ξk)||f̂(ξk)ω(ξk)|
)q
dξ
≤ C1
∫
Γ0
( ∑
{ξk}∈H1
|ϕ̂(ξ − ξk)v(ξ − ξk)||f̂(ξk)ω(ξk)|
q
)
dξ,
≤ C2
∑
{ξk}∈H1
|f̂(ξk)ω(ξk)|
q
where C1 is a onstant and
C2 = C1‖ϕ‖FL1
(v)
<∞.
This proves that S1 is nite.
It remains to prove that S2 is nite. We observe that
|ξ − ξk| ≥ cmax(|ξ|, |ξk|) when ξ ∈ Γ0 and ξk ∈ H2.
Furthermore, |f̂(ξk)| ≤ C〈ξk〉
N0
for some onstants C and N0, and for
eah N ≥ 0, there is a onstant CN suh that |ϕ̂(ξ)| ≤ CN〈ξ〉
−N
. This
gives
S2 ≤ C1
∫
Γ0
( ∑
{ξk}∈H2
〈ξ − ξk〉
−N〈ξk〉
N0
)q
dξ
≤ C2
∫
Γ0
( ∑
{ξk}∈H2
〈ξ〉−N/2〈ξk〉
N0−N/2
)q
dξ
for some onstants C1 and C2. The result now follows, sine the right-
hand side is nite when N is hosen larger than 2(N0 + d). The proof
is omplete. 
Corollary 2.3. Assume that q ∈ [1,∞], (Λ1,Λ2) is a strongly admis-
siblle lattie pair, K ∈ A(Λ1), and that f ∈ E
′(Rd) is suh that an
open neighbourhood of its support is ontained in K. Also assume that
Γ and Γ0 are open ones in R
d
suh that Γ0 ⊆ Γ. If |f |
(D)
FLq
(ω)
(Γ∩Λ2)
is
nite, then |χ f |
(D)
FLq
(ω)
(Γ0∩Λ2)
is nite.
For the proof we reall that |χ f |
FL
q,Γ0
(ω)
is nite when f ∈ E ′(Rd),
χ ∈ S (Rd), Γ0,Γ are open ones suh that Γ0 ⊆ Γ and |f |FLq,Γ
(ω)
is
nite (f. (2.3) in [12℄).
Proof. Let Γ1,Γ2 be open ones suh that Γj ⊆ Γj+1 and Γ2 ⊆ Γ,
j = 0, 1, and assume that |f |
(D)
FLq
(ω)
(Γ∩Λ2)
<∞. Then Lemma 2.2 shows
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that |f |
FL
q,Γ2
(ω)
is nite. Hene (2.3) in [12℄ shows that |χ f |
FL
q,Γ1
(ω)
<∞,
whih implies that |χ f |
(D)
FLq
(ω)
(Γ0∩Λ2)
< ∞, in view of Lemma 2.1. The
proof is omplete. 
3. Admissible Gabor pairs
In this setion we introdue the notion of admissible Gabor pairs
(AGP) and provide examples whih illustrates that onditions in De-
nition 3.1 are quite general.
Assume that e1, . . . , ed is a basis for Λ1, and that (Λ1,Λ2) is a weakly
admissible lattie pair. If f ∈ L2loc is periodi with respet to Λ1, and
D is the parallelepiped, spanned by {e1, . . . , ed}, then we may make
Fourier expantion of f as
f =
∑
{ξk}∈Λ2
cke
i〈 · ,ξk〉
(3.1)
(with onvergene in L2loc), where the oeients ck are given by
ck = |D|
−1
∫
D
f(y)e−i〈y,ξk〉 dy. (3.2)
We note that if instead f ∈ L2 is supported in D, then (3.1) is still
true in D, and the onstant ck an in this situation be written as
ck = (2pi)
−d‖Λ2‖
∫
f(y)e−i〈y,ξk〉 dy. (3.2)′
For non-periodi funtions and distributions we instead make Gabor
expansions. More preisely, let (Λ1,Λ2) be a strongly admissible lattie
pair, with Λ1 = {xj}j∈J and Λ2 = {ξk}k∈J . Also let
ϕ, ψ ∈ C∞0 (R
d), ϕj,k(x) = ϕ(x− xj)e
i〈x,ξk〉
and ψj,k(x) = ψ(x− xj)e
i〈x,ξk〉
(3.3)
be suh that {ϕj,k}j,k∈J and {ψj,k}j,k∈J are dual Gabor frames (see [7℄
for the denition of Gabor frames and their duals). If f ∈ S ′(Rd),
then
f =
∑
j,k∈J
cj,kϕj,k, (3.4)
where
cj,k = (f, ψj,k)L2(Rd) (3.5)
and the onstant Cϕ,ψ depends on the frames only. Here the serie on-
verges in S ′(Rd).
By replaing the latties Λ1 and Λ2 here above with εΛ1 and Λ2/ε,
and ϕ and ψ with ϕε = ϕ( · /ε) and ψε = ψ( · /ε) respetively, we still
have
f =
∑
j,k∈J
cj,k(ε)ϕ
ε
j,k, (3.4)
′
8
where
cj,k(ε) = Cϕ,ψ(ε)(f, ψ
ε
j,k)L2(Rd), (3.5)
′
and
ϕεj,k = ϕj,k( · /ε), ψ
ε
j,k = ψj,k( · /ε). (3.6)
Here the onstants Cϕ,ψ(ε) depends on ϕ, ψ and ε.
In some situations it is onvenient to play with the parameter ε
in εΛ1, ϕ
ε = ϕ( · /ε) and ψε = ψ( · /ε), but keeping Λ2 xed and
independent of ε. A problem is then that (3.4)′ and (3.5)′ might be
violated. In the following we establish suient onditions for this to
work properly. We rst introdue admissible Gabor pairs.
Denition 3.1. Assume that ε ∈ (0, 1], {xj}j∈J = Λ1 ⊆ R
d
and
{ξk}k∈J = Λ2 ⊆ R
d
are latties and let Λ1(ε) = εΛ1. Also let ϕ, ψ ∈
C∞0 (R
d) be non-negative, and set
ϕε = ϕ( · /ε), ψε = ψ( · /ε),
ϕεj,k = ϕ
ε( · − εxj)e
i〈 · ,ξk〉, ψεj,k = ψ
ε( · − εxj)e
i〈 · ,ξk〉,
(3.7)
when εxj ∈ Λ1(ε) (i. e. xj ∈ Λ1) and ξk ∈ Λ2. Then the pair ({ϕ
ε
j,k}j,k∈J , {ψ
ε
j,k}j,k∈J)
is alled an admissible Gabor pair (AGP) if for eah ε ∈ (0, 1], the sets
{ϕεj,k}j,k∈J and {ψ
ε
j,k}j,k∈J are dual Gabor frames.
By Denition 3.1 and Chapters 513 in [7℄ it follows that if f ∈
S ′(Rd), (3.7) is fullled and ({ϕεj,k}j,k∈J , {ψ
ε
j,k}j,k∈J) is an AGP, then
f =
∑
j,k∈J
cj,k(ε)ϕ
ε
j,k, (3.4)
′′
for every ε ∈ (0, 1], where
cj,k(ε) = (f, ψ
ε
j,k)L2(Rd) (3.5)
′′
Furthermore, from the investigations in [7℄ it follows that (Λ1,Λ2) in
Denition 3.1 should be a strongly admissible lattie pair, if ({ϕεj,k}j,k∈J , {ψ
ε
j,k}j,k∈J)
might be an AGP.
In the following lemma we prove that if Λ1 and Λ2 are the same as in
Denition admgaborframe, {ϕj,k}j,k∈J and {ψj,k}j,k∈J are dual Gabor
frames whih satisfy∑
xj∈Λ1
ϕ( · − xj)ψ( · − xj) = (2pi)
−d‖Λ2‖, (3.8)
and ϕεj,k and ψ
ε
j,k are given by (3.7), then ({ϕ
ε
j,k}j,k∈J , {ψ
ε
j,k}j,k∈J) is an
admissible Gabor pair.
Remark 3.2. If ϕ = ψ, then (3.8) desribes the tight frame property of
the orresponding Gabor frame, f. [7, Theorem 6.4.1℄.
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Proposition 3.3. Assume that 0 < ε ≤ 1, ϕ, ψ ∈ C∞0 (R
d) are non-
negative, ϕj,k, ψj,k, ϕ
ε
j,k and ψ
ε
j,k are given by (3.3) and (3.7). Also
assume that {ϕj,k}j,k∈J and {ψj,k}j,k∈J are dual Gabor frames, and that
(3.8) holds. Then ({ϕεj,k}j,k∈J , {ψ
ε
j,k}j,k∈J) is an admissible Gabor pair.
Proof. We shall prove that {ϕεj,k}j,k∈J and {ψ
ε
j,k}j,k∈J are dual Gabor
frames for eah ε ∈ (0, 1]. This is obviously true when ε = 1.
Assume that f ∈ C∞0 (R
d) and that ε is small enough suh that the
supports of ϕεj,k and ψ
ε
j,k are ontained in a parallelepiped D, spanned
by the basis for the dual frame of Λ2. We shall prove that
hε(x) =
∑
j,k∈J
cj,k(ε)ϕ
ε
j,k(x)
is equal to f(x) when cj,k(ε) is given by (3.5)
′′
. For onvenieny we let Θ
be the right-hand side of (3.8), i. e. Θ = (2pi)−d‖Λ2‖. By the inversion
formula for Fourier series (f. (3.1) and (3.2)
′
), we get
hε(x) = Θ
−1
∑
j∈J
(∑
k∈J
Θ
∫
f(y)ψε(y−εxj)e
−i〈y,ξk〉 dy ei〈x,ξk〉
)
ϕε(x−εxj)
= Θ−1
∑
j∈J
f(x)ϕε(x− εxj)ψ
ε(x− εxj) = f(x),
where the last equality follows from (3.8). This proves the result for
small ε and f ∈ C∞0 .
Next assume that ε ∈ (0, 1] is arbitrary and onsider again hε. Sine
f, ϕ, ψ ∈ C∞0 , it follows that f̂ , ϕ̂, ψ̂ are entire funtions whih turn
rapidly to zero at innity on R
d
. This implies that
κ1,j,k(ε, ζ) = F (ψ
ε
j,k)(ζ) = ε
deiε〈xj ,ξk−ζ〉ψ̂(ε(ζ − ξk)) and
κ2,j,k(ε, ζ) = F (ϕ
ε
j,k)(ζ) = ε
deiε〈xj ,ξk−ζ〉ϕ̂(ε(ζ − ξk)),
are real-analyti in ε. This implies that
κ3(ε, ζ) ≡ ĥε(ζ) = (2pi)
−d/2
∑
j,k∈J
κ2,j,k(ε, ζ)F (fψ
ε
j,k)(ξk)
= (2pi)−d
∑
j,k∈J
κ2,j,k(ε, ζ)
(
f̂ ∗ κ1,j,k(ε, ·)
)
(ξk)
is real analyti in ε.
A ombination of the latter real analytiity property and the fat
that κ3(ε, ξ) = fˆ(ξ) when ε = 1 or ε is small enough, shows that
F−1(κ3(ε, ·))(x) = f(x) for all ε ∈ (0, 1]. This proves the result in the
ase f ∈ C∞0 (R
d). For general f ∈ L2(Rd), the result now follows from
the fat that C∞0 is dense in L
2
. The proof is omplete. 
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Example 3.4. Let α, β ∈ R+ be suh that α ·β < 2pi, Λ1 = {xj}j∈J =
αZd and Λ2 = {ξk}k∈J = βZ
d
. Also letQ1 and Q2 be ubes with enters
at origin and side-length's α1 and α2 respetively, and suh that
α < α1 < α2 = 2pi/β,
and hoose ϕ ∈ C∞0 (Q2) and ψ ∈ C
∞
0 (Q1) suh that ϕ = 1 on suppψ
and ∑
j∈J
ψ(· − xj) =
( β
2pi
)d
.
By expanding f ·ψ(·−xj) in Fourier series in xj+Q2 for eah j ∈ J , it
follows that {ϕj,k}j,k∈J and {ψj,k}j,k∈J in (3.3) are dual Gabor frames.
Therefore, (3.4) and (3.5) holds.
By Proposition 3.3 it now follows that ({ϕεj,k}j,k∈J , {ψ
ε
j,k}j,k∈J) is an
admissible Gabor pair.
Remark 3.5. Assume that p, q ∈ [1,∞], ω ∈ P(R2d), f ∈ S ′(Rd),
({ϕεj,k}j,k∈J , {ψ
ε
j,k}j,k∈J) is an admissible Gabor pair, and that (3.4)
′
and (3.5)
′
hold. Then it follows that f ∈Mp,q(ω)(R
d), if and only if
‖f‖[ε] ≡
(∑
k∈J
(∑
j∈J
|cj,k(ε)ω(εxj, ξj)|
p
)q/p)1/q
if nite. Furthermore, for every ε ∈ (0, 1], the norm f 7→ ‖f‖[ε] is
equivalent to the modulation spae norm (1.3). (Cf. [24, 7℄.)
4. Disrete wave-front sets - Fourier Lebesgue and
modulation spaes
In this setion we dene disrete wave-front sets of Fourier Lebesgue
and modulation spae types, and prove that they agree with the or-
responding wave-front sets of ontinuous type.
We start with the following denitions.
Denition 4.1. Assume that ω ∈ P(Rd), f ∈ D ′(X), x0 ∈ X ,
(Λ1,Λ2) is a strongly admissible lattie pair in R
d
and that {ξk}j∈J =
Λ2. Also assume that D ∈ (Λ1) ontains x0. Then the disrete wave-
front set DFFLq
(ω)
(f) onsists of all (x0, ξ0) ∈ R
d × (Rd \ 0) suh that
for eah χ ∈ C∞0 (D ∩X) with χ(x0) 6= 0 and eah open onial neigh-
bourhood Γ of ξ0, it holds
|χf |
(D)
FLq
(ω)
(Λ)
=∞.
For the denition of disrete wave-front sets of modulation spae
type, we onsider admissible Gabor pairs ({ϕεj,k}j,k∈J , {ψ
ε
j,k}j,k∈J), ε ∈
(0, 1], and let
Jx0(ε) = Jx0(ε, ϕ, ψ) = Jx0(ε, ϕ, ψ,Λ1)
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be the set of all j ∈ J suh that
x0 ∈ suppϕ
ε
j,k or x0 ∈ suppψ
ε
j,k
Denition 4.2. Assume that ω ∈ P(R2d), f ∈ D ′(X), x0 ∈ X and
({ϕεj,k}j,k∈J , {ψ
ε
j,k}j,k∈J), ε ∈ (0, 1], are admissible Gabor pairs with
respet to the latties Λ1 and Λ2 in R
d
. Then the disrete wave-front
set DFMp,q
(ω)
(f) onsists of all (x0, ξ0) ∈ R
d× (Rd \ 0) suh that for eah
ε ∈ (0, 1] and eah open onial neighbourhood Γ of ξ0, it holds( ∑
{ξk}∈Γ∩Λ2
( ∑
j∈Jx0(ε)
|cj,k(ε)ω(ξk)|
p
)q/p)1/q
=∞,
where f =
∑
j,k∈J
cj,k(ε)ϕ
ε
j,k, and cj,k(ε) = Cϕ,ψ(f, ψ
ε
j,k)L2(Rd) and the on-
stant Cϕ,ψ depends on the frames only.
Roughly speaking, (x0, ξ0) ∈ DFMp,q
(ω)
(f) means that f is nt loally in
Mp,q(ω) in the diretion ξ0. This interpretation oinide with the following
theorem whih is our main result:
Theorem 4.3. Assume that X ⊆ Rd is open, ω ∈ P(R2d), f ∈ D ′(X)
and p, q ∈ [1,∞]. Then (0.1)′ holds.
Proof. By Proposition 5.5 in [12℄ and Lemmas 2.1 and 2.2, it follows
that the rst two equalities in (0.1)
′
hold. The result therefore follows
if we prove that DFFLq
(ω)
(f) = DFMp,q
(ω)
(f).
First assume that (x0, ξ0) /∈ DFFLq
(ω)
(f), and hoose χ ∈ C∞0 (X), an
open neighbourhood X0 ⊆ X of x0 and onial neighbourhoods Γ,Γ0
of ξ0 suh that
Γ0 ⊆ Γ, χ(x) = 1 when x ∈ X0,
and |χ f |
(D)
FLq
(ω)
(H)
<∞, H = Λ2 ∩ Γ.
Now let ({ϕεj,k}j,k∈J , {ψ
ε
j,k}j,k∈J) be an admissible Gabor pair and hoose
ε ∈ (0, 1] suh that suppϕεj,k and suppψ
ε
j,k is ontained in X0 when
x0 ∈ suppϕ
ε
j,k and x0 ∈ suppψ
ε
j,k. Sine
cj,k(ε) = C(f, ψ
ε
j,k)L2(Rd) = F (f ψ( · /ε− xj))(ξk),
it follows from these support properties that if H0 = Λ2 ∩ Γ0, then( ∑
{ξk}∈H0
|F (f ψ( · /ε− xj))(ξk)ω(ξk)|
q
)1/q
= |f ψ( · /ε− xj)|
(D)
FLq
(ω)
(H0)
= |f χψ( · /ε− xj)|
(D)
FLq
(ω)
(H0)
, (4.1)
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when j ∈ Jx0(ε). Hene, by ombining Corollary 2.3 with the fats that
Jx0(ε) is nite and |χ f |
(D)
FLq
(ω)
(H)
<∞, it follows that the expressions in
(4.1) are nite and( ∑
{ξk}∈H0
( ∑
j∈Jx0(ε)
|F (f ψ( · /ε− xj))(ξk)ω(ξk)|
p
)q/p)1/q
<∞.
This implies that (x0, ξ0) /∈ DFMp,q
(ω)
(f), and we have proved thatDFMp,q
(ω)
(f) ⊆
DFFLq
(ω)
(f).
In order to prove the opposite inlusion we assume that (x0, ξ0) /∈
DFMp,q
(ω)
(f), and we hoose ε ∈ (0, 1], admissible Gabor pair ({ϕεj,k}j,k∈J , {ψ
ε
j,k}j,k∈J)
and onial neighbourhoods Γ,Γ0 of ξ0 suh that Γ0 ⊆ Γ and( ∑
{ξk}∈H
( ∑
j∈Jx0(ε)
|F (f ψ( · /ε− xj))(ξk)ω(ξk)|
p
)q/p)1/q
<∞, (4.2)
when H = Λ2 ∩ Γ. Also hoose χ, φ ∈ C
∞
0 (X) suh that χ(x0) 6= 0,
φ(x)
∑
j∈Jx0(ε)
ϕεj,k(x) = 1, when x ∈ suppχ.
Sine Jx0(ε) is nite, Hölder's inequality gives
|χ f |
(D)
FLq
(ω)
(H0)
=
∣∣∣ ∑
j∈Jx0(ε)
(χφ) (f ψ( · /ε− xj))
∣∣∣(D)
FLq
(ω)
(H0)
≤
( ∑
{ξk}∈H0
( ∑
j∈Jx0(ε)
|F ((χφ)f ψ( · /ε− xj))(ξk)ω(ξk)|
)q)1/q
≤ C
( ∑
{ξk}∈H0
( ∑
j∈Jx0(ε)
|F ((χφ)f ψ( · /ε− xj))(ξk)ω(ξk)|
p
)q/p)1/q
,
By Corollary 2.3 and (4.2) it now follows that the right-hand side in
the last estimates is nite. Hene |χ f |
(D)
FLq
(ω)
(H0)
< ∞, whih shows
that (x0, ξ0) /∈ DFFLq
(ω)
(f), and we have proved that DFFLq
(ω)
(f) ⊆
DFMp,q
(ω)
(f). The proof is omplete. 
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